We analyze the Ising model on a random surface with a boundary magnetic field using matrix model techniques. We are able to exactly calculate the disk amplitude, boundary magnetization and bulk magnetization in the presence of a boundary field. The results of these calculations can be interpreted in terms of renormalization group flow induced by the boundary operator. In the continuum limit this RG flow corresponds to the flow from non-conformal to conformal boundary conditions which has recently been studied in flat space theories.
Introduction
Simple statistical mechanical lattice models, such as the Ising model, have been used for many years to gain insight into the behavior of a wide range of physical systems. The great utility of such simple models arises from the fact that in many cases they are exactly solvable. It is a remarkable fact that some questions which seem analytically intractable for models on a regular lattice yield exact solutions when the underlying lattice is itself taken to be a random element of a larger statistical ensemble. An example of such a situation is the Ising model with a bulk magnetic field. Although this model has not been analytically solved on a fixed lattice, it is possible to exactly compute the partition function and magnetization of the model on a random lattice [1] .
In this paper, we consider the Ising model on a random lattice in the presence of a magnetic field on the boundary, rather than in the bulk. Again, this corresponds to a problem which does not seem to be analytically solvable on a fixed lattice. Summing over random lattices, however, we find that the partition function and magnetizations can be calculated exactly.
The Ising model on a random two-dimensional lattice can be described in terms of a matrix model. A great deal of technology has been developed to deal with matrix models, primarily as a tool for studying string theory. The techniques we use here were derived in an earlier pair of papers [2, 3] , and are related to methods described in [4, 5] . Some of the results which we describe here appeared in a previous letter [6] .
The Ising model on a regular lattice with a boundary magnetic field was studied many years ago [7] . This model has been of renewed interest recently because in the continuum limit, where the lattice spacing is taken to zero, it gives a simple example of a two-dimensional field theory which is conformal in the bulk but which has boundary conditions breaking conformal invariance [8, 9, 10] . The only boundary conditions for the Ising model which preserve conformal invariance [11] are free boundary conditions (where the boundary field h vanishes), and fixed spin boundary conditions (where h = ±∞). Putting an arbitrary field h on the boundary generates a renormalization group (RG) flow from the free boundary condition to the fixed boundary condition [12] . For a matrix model corresponding to fields on a random surface, a continuum limit can also be taken. In this limit, the theory describes conformal matter fields coupled to 2D quantum gravity. In this paper we take the continuum limit of the disk partition function and magnetizations and consider the implications of our results for the resulting theory of c = 1/2 matter coupled to gravity. In particular, we find that the results are in accord with the hypothesis that the RG flow which has been understood in flat space is present in an appropriate form in the theory with gravity. One provocative feature of our results is that as the boundary magnetic field is increased, except for a jump discontinuity when the field becomes nonzero, the expectation value of the magnetization of a randomly chosen spin in the bulk decreases. This counterintuitive result may be explained in terms of the effects of the matter fields on the geometryroughly speaking, the increase in magnetic field produces a long "throat" which separates the boundary from the bulk and which increases the average distance of a bulk spin from the boundary, effectively decreasing the bulk magnetization. However, this result is also found to be a finite volume effect which may depend upon the precise choice of how the random lattice ensemble is defined. Another context in which this work may be relevant is the current discussion of D-branes in string theory (see for example [13] ). Just as there are two conformally invariant boundary conditions for the Ising theory, a conformal field theory of a single bosonic field can have two conformally invariant boundary conditions: Neumann and Dirichlet. Considering the continuum limit of the Ising model as a single free fermion, free and fixed Ising boundary conditions are related through supersymmetry to Neumann and Dirichlet boundary conditions on a bosonic field. The fact that RG flow behaves similarly in flat space and in the presence of a fluctuating metric suggests that perhaps Dirichlet boundary conditions in superstring theory naturally arise as an RG limit of a non-conformal boundary term. In Section 2 of this paper we describe the discrete model we will use for the Ising model on a random surface. In Section 3 we apply the methods of [2] to this model, explicitly deriving a quartic equation satisfied by the disk amplitude and locating the associated critical point. In Section 4 we take the continuum limit of the disk amplitude. In Section 5 we discuss the general formalism we will use for calculating magnetizations, and we apply this in Sections 6 and 7 to compute the boundary and bulk magnetizations on the disk. In Section 8 we discuss implications of our results for renormalization group flow, duality, and the effects of gravity on the behavior of the matter theory.
The model
A discretized theory of c = 1/2 matter coupled to 2D quantum gravity is described by the Ising model on a randomly triangulated surface. At the center of each (equilateral) triangle on the surface lives a single Ising spin, coupled to its nearest neighbors. This theory can be described by a matrix model [1] with partition function
where the action is given by
In these expressions, U and V are N × N hermitian matrices representing up and down spins respectively, g is a coupling constant corresponding to a Boltzmann weight for each triangle on the surface, and c describes the coupling between Ising spins. (This c is unrelated to the central charge.) The partition function can be expanded in a power series in g and 1/N, and the coefficient of g k N 2−2h is then given by a summation of the Ising partition function over all triangulations of a genus h Riemann surface by k triangles. We are interested in amplitudes corresponding to various boundary conditions on spins living on a genus zero surface with boundary. For example, the disk amplitude for a configuration of plus and minus spins on the boundary, represented by an ordered string w(U, V ) of the matrices U and V , is given by the large-N limit of the matrix model expectation value,
(Since we will always be interested in the large-N limit, henceforth we will suppress the explicit 1/N in expectation values.) Again, p w can be expanded in a power series in g, with the coefficient of g k giving the sum over all disk triangulations by k triangles with a boundary having a fixed length and spin configuration w(+, −). There are two types of conformally invariant boundary condition in the Ising theory: "fixed" (corresponding to all boundary spins aligned) and "free" (corresponding to an equally weighted sum of all possible boundary spin configurations). For each of these we can define a generating function which encodes the amplitudes. Fixed boundary conditions are described by
while free boundary conditions are described by
The Ising model in this set of variables is symmetric under interchange of U and V (corresponding to the symmetry under spin reversal). The generating function for fixed boundary conditions can therefore also be described by summing over amplitudes with all V 's on the boundary.
An alternative coupling of discretized c = 1/2 matter to 2D quantum gravity is obtained by considering the dual Ising model on a random surface [14] . The partition function of the dual model is defined once again as a sum over surfaces with Ising spins at the face of each plaquette, where now the plaquettes may be polygons with arbitrary numbers of sides, but the coordination number at each vertex is constrained to be equal to three. Such a configuration is equivalent through duality to a triangulation in the original theory, but with spins located at vertices rather than on faces. The dual model may also be described as a theory of two matrices X and Y , with action
There are once again two types of conformally invariant boundary conditions, fixed and free.
In the dual model the matrix variables X and Y do not refer to the state of individual spins, but rather to the relative state of two spins across an edge; X denotes an edge separating two equal spins, while Y denotes a boundary between two opposite spins. The generating function for fixed boundary conditions is therefore
Note that the dual model is symmetric under Y → −Y ; it is therefore the generating function for free boundary conditions which has an alternative description in these variables, as a sum
(Amplitudes with an odd number of boundary Y 's vanish identically.)
Although the original and dual formulations of the Ising model represent different couplings to 2D gravity, there is a simple transformation that relates the original action (2) to the dual action (6):
As a consequence, the partition functions for the two models on surfaces with no boundaries are identical. This does not, however, guarantee that all correlation functions in the two theories agree, since the transformation (9) has a nontrivial action on the states and operators of the theory. For example, the disorder operator Y in the dual theory is taken into the spin operator U −V in the original theory. Similarly, the role of free and fixed boundary conditions is interchanged; we have
The (Kramers-Wannier, or T-) duality of the model relates a specified state (fixed, free, or with additional operator insertions) in the original form of the model to the same state in the dual version. Although in the discrete version of the theory, this duality symmetry is explicitly violated by finite volume effects, it seems likely that the duality symmetry is restored for all correlation functions in the continuum limit. Evidence for duality in the continuum limit at genus zero was presented in [15, 3] , and the issue of higher genus was explored in [16, 17, 18] .
Our interest in this paper is in non-conformally-invariant boundary conditions, which may be thought of as arising from the introduction of boundary fields or couplings. We therefore consider the original model in a new set of matrix variables Q, R, defined by
Substituting these into the original action (2), we obtain
In this set of variables we can calculate the generating function for disk amplitudes with all Q's on the boundary,
This generating function describes boundary conditions which interpolate between fixed and free. The parameter h can be thought of as a boundary magnetic field applied to otherwise free boundary conditions; for h = 0 we recover φ free in the original model, while for h = ±∞ the boundary spins are all driven to one value and we recover φ fixed . Note that although the h → ±∞ limit appears to be singular, this is just an issue of normalization, which can be absorbed by a constant rescaling of q. Indeed, we shall see that although the critical value of q goes to zero as h → ±∞ with the chosen normalization, all quantities of interest (such as φ for example) are well behaved in these limits.
Loop equations for correlation functions
The process of calculating the generating function φ(q) was described and essentially carried out in [2] , without the explicit solution being written down. Here we will review the basics of that procedure, and examine the solution in detail. (The discussion in [2] was framed in terms of non-commuting variables; for our purposes here we may skip directly to functions of a single variable.)
We begin by defining an additional set of generating functions φ w(q,r) (q). These functions describe disks whose boundaries include a fixed string of matrices w(Q, R), plus any number of additional Q's:
For example, we have
Recall that p w(q,r) is the amplitude for a disk with boundary specified by the string w(q, r); thus p q corresponds to a single boundary edge labelled q, p r corresponds to a single boundary edge labelled r, and p 0 = 1 corresponds to no boundaries. We will also introduce a derivative operator D q which acts on power series in q. Its effect is to annihilate terms independent of q, and to remove one power of q from all other terms:
The action of D q on a generating function is to remove any constant term and divide the remainder by q. For example, and so on.
We can now derive a set of loop equations which relate these functions to each other, by considering the possible outcomes of removing a marked edge on the boundary. For example, let us examine the effect of removing the edge marked R from the disks represented by φ r (q).
Since φ r represents a sum over various triangulated geometries of the disk, we can consider the effect of removing R from each of the terms separately. For each term, there are two basic possibilities: the edge might be identified with another edge elsewhere on the boundary, or it might belong to a triangle. In the first case, removing the marked edge and the one it was connected to leaves two disconnected triangulations, both with all Q's on the boundary and therefore representing φ(q). In the second case, removing the triangle reveals two new boundary edges, which may be marked with two Q's, two R's, or one Q and one R; these alternatives relate the initial generating function to D 2 q φ, φ rr , and D q φ r . This decomposition of φ r is shown schematically in Fig. 1 . The amount which each term contributes to φ r can be derived from the action (12), as detailed in [2] .
By this procedure we can derive a closed system of eight independent equations in the quantities (φ, φ r , φ rr , φ rqr , φ rrr , φ rqqr , φ rqrr , φ rrrr ):
(In [2] we listed ten equations in these variables, but the last two were not linearly independent from the first eight.) Here we have defined the new variables
The set of equations (19) is completely algebraic, since we can replace the derivative operators with algebraic functions as in (18) .
Note that we can cut down somewhat on the number of undetermined variables by looking at equations (19) order by order. These give the following relations:
Furthermore, each of these amplitudes may be expressed as a sum of amplitudes in the original Ising model; for example, p q = e h p u + e −h p v = 2(cosh h)p u . We use these relations to eliminate everything but p 1 = p u and p 3 = p uuu . It is now a straightforward but tedious exercise to solve the system (19) by deriving a single quartic equation for φ as a function of q, h, c, g, p 1 and p 3 . The quartic is given by
with
The analytic solutions to such an expression are of course rather unwieldy, but fortunately they are also of little interest to us. Instead, we are interested in the expansion of φ around the critical point of the model, which encodes the continuum limit of the theory. (See [3] for a discussion of the extraction of the continuum limit.) The critical values of the quantities c, g, p 1 and p 3 are well known [1, 3] :
g c = 3
and
We would now like to find the critical value of q for any given boundary field h. The critical point is defined as the radius of convergence of the power series expansion for the generating function, interpreted physically as the point where boundaries with an infinite number of segments begin to dominate. The generating functions for fixed boundary conditions, φ fixed (u) in the original model and φ fixed (x) in the dual model, obey cubic equations, and the critical point is simply the value of x or u for which the cubic has repeated roots. For the quartic this story is slightly more complicated. Fig. 2 shows a numerically generated plot of the real part of the solutions to the quartic, as a function of q, for exp(h) = 5/3 and the other parameters at their critical values. Only three distinct curves are visible, as two of the solutions have identical real parts. At three points on the graph the curves intersect, representing multiple roots; as q increases, there is first a triple root, then a double root, and another triple root. To decide which of these represents the actual critical point, we follow the behavior of the physical solution as q is increased from zero along the real axis, and look for a branch point (which will indicate the radius of convergence). From the definition of the generating function we know that the physical solution is the one which equals one at q = 0. As q is increased, the first triple root does not represent a branch point for this solution, and is therefore not the critical point. A similar situation holds for the double root; even though the physical solution is one of the double roots, one can verify numerically that circling the double root in the complex q plane does not take you to a distinct Riemann sheet, and hence this value is not a branch point. The critical value of q is therefore at the second of the two triple roots, as indicated by the point (c) in the figure.
To discover an analytic expression for the critical value q c , we note that at this point the quartic can be factored into the form
where φ (3) is the triple root and φ (1) is the single root. Setting the coefficients of (28) equal to those of (22) yields a set of equations from which we can eliminate φ (1) and φ (3) to obtain a single octic equation for q c as a function of h. Happily, this octic factors into the product of two quadratics (one of which is cubed). It is most conveniently written in terms of q c /g c : Moving from left to right, we find the triple root "a", the double root "b", and the triple root "c" which is the critical point. The physical branch is the one that goes to 1 as q goes to zero.
where
z 2 = −1458
The critical point is the solution obtained by setting the cubed quadratic to zero; one root of the quadratic will be the critical point for h ≥ 0, and the second for h ≤ 0. For h ≥ 0 the critical value is
whereas for h ≤ 0,
so that although q c (h) is continuous at h = 0, it is non-analytic there.
The corresponding critical value of φ is
10 e 6h (33)
Note that as expected, q c → 0 as h → ∞, but φ c is finite and non-zero for all h.
Continuum limit and disk amplitude
To extract information about the theory in the continuum limit, we analyze the behavior of the discrete model in the vicinity of the critical point. The coupling constant c is set to the critical value c c given by (24) ; deviations from this value would correspond to introducing a mass for the Majorana fermion in the continuum limit of the Ising model, which we do not examine in this paper. We then trade the independent variables g and q for new variables t and z, defined by
where ǫ is a small parameter indicating the distance from the critical point. 
These expansions may be substituted into the quartic (22) , which may then be solved for φ as a sum of increasing powers of ǫ. We obtain
where for convenience we have rescaled the variables to
and the function Φ(Z, T ) is given by
For h > 0,
but this function is discontinuous at h = 0. If we take the continuum limit in (22) after h is set to zero (cf. the calculation in [3] ), we find that φ is given by (37) with
The universal part of φ is the first non-analytic term, and appears at order ǫ 4/3 . By virtue of the discontinuity in α(h), both the numerical coefficient of the universal term, and the amplitude of φ as a function of z, are discontinuous. The universal part can be converted into the asymptotic form of the disk amplitudẽ φ(l, a) for fixed boundary length l and disk area a. These forms of the amplitude are related through a Laplace transform
Inverting the Laplace transform, we havẽ
with the rescalings
Up to an irrelevant multiplicative constant, this is precisely the form of the disk amplitude when the boundary conditions are conformal [19, 4, 20, 3] (i.e., with h = 0 or h = ±∞); however, the boundary length l is rescaled by the factor α(h) which depends discontinuously on the boundary magnetic field. Note that this amplitude includes an extra factor of l corresponding to a marked point on the boundary.
Expectation values
Now that we have defined the continuum limit of the model and computed the disk amplitude, we would like to calculate a number of correlation functions related to the boundary and bulk magnetizations in the theory. In this section we describe the formalism necessary to perform such calculations efficiently.
An example of the type of calculation we need to perform is the limiting value of the boundary magnetization on a disk with a large number of triangles and boundary segments.
The boundary magnetization for a spin on the boundary of a disk with k boundary edges and n triangles is given by
where by n we indicate a sum over triangulations restricted to geometries with n spins (the coefficient of g n in an expansion in g). The quantity m is defined to be the large n and k limit of (46). More generally, we define the expectation value of an operator in a specified state ψ as
where ψ n,k is taken to mean the sum over all triangulations, with appropriate weights, with n triangles and k boundary edges. Aψ n,k is the same quantity, but with the weights adjusted by the operator A.
For the cases we are considering in this paper, ψ is a sum over all triangulations, with weights determined by the boundary magnetic field. Thus, for zero field, ψ is simply a sum which is equally weighted for all boundary configurations (free boundary conditions), whereas for infinite (positive) h, the only boundary configurations with non-zero weight are those with all spins pointing up (fixed boundary conditions). When A represents a boundary spin operator, for example, then for each configuration the boundary spin is evaluated at a particular site, and the weight acquires a ±1 depending on whether that spin is up or down.
When A is a bulk spin operator, the spin is evaluated at a site in the bulk.
The limits in (47) can be understood in terms of the asymptotic behavior of Aψ n,k and ψ n,k . For large n, k these functions scale asymptotically as
For large n and k, it is appropriate to replace the number of triangles and boundary edges by the area and length variables a = ǫ 2 n and l = ǫk, so that A will appear as a function of a, l. The continuum limit of an operator expression of this type can be easily determined by taking the continuum limits of the quantities ψ and Aψ . Consider the continuum limits of the sums
and ∞ n,k=0
The universal behaviors of these two sums give the Laplace transforms of the two functions f (n, k) and g(n, k) with respect to z and t. For example
where the subscript "u" indicates the universal part. In order to recover the functions f and g, it suffices to perform an inverse Laplace transform on the universal parts F u (t, z) and G u (t, z) of the sums to obtain the functionsf (a, l), for which
and similarlyg(a, l). Thus
We shall see this explicitly in the following sections.
Boundary magnetization
In this section we will apply the discussion above to compute the one-and two-point boundary magnetizations in the presence of a boundary field.
One-point boundary magnetization
The boundary magnetization m is given by the large n, k limit of
We may follow the route described in the previous section to compute m . The first step, the critical expansion of φ in the continuum limit, was given in (37). The other quantity we need to expand is
When h = 0, φ r vanishes by symmetry. When h = 0, we can compute φ r (h) by solving a linear combination of the first two loop equations of (19) . From these it follows that
cq + e 2h q + e 4h q + ce 6h q − 2e 3h g ,
and hence, expanding and multiplying by q c e −ǫz , we obtain 
The universal part of ψ r is equal to that of φ, up to an h−dependent constant. There is therefore no need to explicitly computeψ r (a, l), the inverse Laplace transform of ψ r (Z, T ), in order to determine the boundary magnetization. We need only compute the ratio of the universal parts to get the l and A independent result (for h > 0)
Note that m is independent of l and A, and is continuous at h = 0. (Note also that the expression given in [6] contains a typographical error in the numerator.) In this particular case, there happens to be a simple argument that gives m more directly than the computation outlined above. In the large k limit
Differentiating both sides with respect to h, we obtain
from which it follows directly that in the large k limit,
where we have used (31) for q c (h). This confirms the result obtained in (60). A graph of the boundary magnetization is shown in Fig. 1 (bold curve) . As expected, with no field the magnetization is zero, and for an infinite field the magnetization is 1. This result is compared with the boundary magnetization on a half-plane in flat space, computed by McCoy and Wu [7] (dashed curve). Whereas in flat space the magnetization scales as h ln h for small h, leading to a divergence in the magnetic susceptibility at the critical temperature, on a random surface we find that the magnetization is linear at h = 0, with a finite susceptibility
Two-point boundary magnetization
Having computed the magnetization at a single point on the boundary of the disk in the presence of a boundary magnetic field, we would now like to compute the correlation between two spins on the boundary of the disk, which are separated by k and l edges in the two directions around the boundary. To compute the two point magnetization,
we need expressions for
and for
Again, using the loop equation techniques of [2] , one can derive the following set of equations for σ (here, a derivative D q i denotes a combinatorial derivative as in (17), where all variables other than q i are held constant):
It is easily verified thatφ(q 1 , q 2 ) is given bȳ
An expression for σ(q 1 , q 2 ) in terms of φ(q 1 ), φ(q 2 ) and p 1 and p 3 can be obtained by solving these equations. The expression is too long to be included here. On the other hand ρ(q 1 , q 2 ) can be directly expressed in terms of φ(q 1 ) and φ(q 2 ) in a very simple way as
Armed with expressions for σ(q 1 , q 2 ) and ρ(q 1 , q 2 ), it is then straightforward, if rather tedious, to obtain the critical expansions of Σ and ρ. They are given by
As in the case of the one-point magnetization, the universal parts of Σ and ρ depend on Z 1 , Z 2 , and T in the same way. Consequently, the ratio of the Laplace transforms of these universal parts will simply be the h-dependent ratio of the universal parts themselves. It follows that the two-point boundary magnetization,
is precisely the square of the one-point magnetization. We find an absence of polynomial corrections to this result (at least to the first subleading order), indicating that correlations between boundary spin operators decay exponentially, as one would expect in analogy with the flat space theory.
Bulk magnetization
The expectation value of the bulk magnetization in the presence of a boundary magnetic field, on a disk with boundary length k and area n, is given by
This can be evaluated by considering cylinder amplitudes with one boundary having a boundary magnetic field, and the other with a single boundary edge. The second boundary represents a marked point on the bulk. Although the second boundary corresponds to only a single edge rather than 3 edges as would be appropriate for a triangle corresponding to a single spin, this distinction should not be relevant in the continuum limit where the boundary becomes pointlike. Again, a quantity such as (76) can be computed by the method of loop equations [3] .
To compute the magnetization, we require two punctured-disk amplitudes:
As in (14), we define functions related to τ but with additional words corresponding to sequences of spins on the outer boundary:
The first step in computing the bulk magnetization is now to derive a set of eight inde-pendent equations which close on the quantities (τ, τ r , τ rr , τ rqr , τ rrr , τ rqqr , τ rqrr , τ rrrr ):
As before, p q = Tr Q , p r = Tr R , and the various constants take the same values as in (19) . The equations (80) can now be used to express τ (h) as a polynomial function of φ(h).
However, this equation will also contain a number of unknown correlation functions t q , t, t, t r , t rr and t rrr , some of which appear explicitly in (80) and some of which arise from the derivatives of τ , since
and so on. As in the computation of φ, these correlation functions can be reduced to a much smaller number of unknowns by expanding (80) order-by-order. It turns out that after using all the relations in (80) (cf. (21)), two extra relations are required between
The first extra relation comes from the calculation in [3] of the critical expansion of
which is given by
The second relation is obtained by differentiating the matrix integral expression for p 1 with respect to g:
Then
can be used to obtain the critical expansion of ∂ g p 1 .
Armed with these extra relations, we have all the information required to expand τ in ǫ.
We obtain
As discussed in Sec. 5, the quantity of interest is the inverse Laplace transform of the universal part of τ , given in this case bỹ
Here, we have introduced rescaled area and boundary length parameters as in (45). It is much easier to compute the critical expansion of λ(h) since it is directly related to
This gives an expansion
The leading term in λ has an inverse Laplace transform
The bulk magnetization in the continuum limit is then given by
The numerical values of the coefficients ofτ andλ have exactly cancelled. Although it may appear that the magnetization can be greater than one, this formula is valid in the continuum limit, for which A ∼ L 2 ≫ 1. We also notice that this form of the magnetization is independent of h except for the dependence on the scaling factor α(h) incorporated in L.
At h = 0, this magnetization is discontinuous and vanishes. One nice feature of this result is that it correctly reproduces the scaling behavior expected after the magnetization operator has been gravitationally dressed according to the KPZ/DDK description of Liouville theory [21, 22] . The gravitationally dressed scaling dimension of the bulk magnetization field is ∆ = 1/6. By analogy with the flat space theory we expect that the bulk magnetization
where d is a measure of the distance from the boundary. This is precisely the behavior seen in (94), since A/L has dimensions of length.
Discussion
Let us summarize the implications of the results we have derived in the previous sections.
Renormalization group flow
In Section 4 we computed the disk amplitude in the presence of a boundary magnetic field as a function of the disk area a, the boundary length l, and the boundary field h. We discovered that the result could be written in terms of the two variables A = a/5 and L = α(h)l, in which case the disk amplitude took on precisely the form of the analogous function when the boundary conditions are conformally invariant. Thus, the effect of a boundary field on this amplitude amounts to a rescaling of the boundary length by an h-dependent factor. In Section 7, meanwhile, we found that the bulk magnetization as a function of a, l and h could also be expressed in terms of A and L, and that its functional form was the same as in the presence of an infinite boundary field. Taken together, these results imply the existence of an RG flow to the conformally invariant boundary condition with an infinite boundary field; h is a relevant operator which goes to ±∞ in the infrared (in this context, as the disk area and length grow large). Further evidence is provided by the discontinuity in the rescaling function at h = 0: any imposed boundary field, no matter how small, leads to magnetization in the bulk of the same form as that expected in the presence of fixed boundary conditions.
A related phenomenon has previously been derived for the flat-space Ising model on a half-plane geometry [7, 8, 9] . Again, one can compute the magnetization of a point in the bulk in the presence of a boundary field; however, rather than depending on the area of the surface and length of the boundary (both of which are infinite for the half-plane), the magnetization is a function of the distance from the boundary. (In quantum gravity, where we sum over all geometries, it would be conceivable but much more difficult to compute any quantity as a function of, say, minimum geodesic distance from the boundary. Computing anything "at a fixed point" is even more problematic, and not really well-defined in the absence of additional fields.) Chatterjee and Zamolodchikov [9] show that the asymptotic form of the bulk magnetization depends on the distance from the boundary as y −1/8 in the presence of any nonzero boundary field, just as it does for fixed boundary conditions [23] .
Our results demonstrate that this RG flow is preserved in an appropriate form after coupling the theory to quantum gravity.
The dual picture
As discussed in Section 2, the Ising model on a random lattice can also be formulated in the dual picture, in terms of matrices X and Y , where X denotes an edge separating two equal spins and Y an edge separating two opposite spins. We have seen in the introduction that the change of variables
in the action for the Ising model leads to the dual action. Thus any calculations in the original model can be reinterpreted in terms of the dual model. We shall now discuss the duals of our results for the boundary and bulk magnetizations in the presence of a boundary magnetic field.
First, let us discuss the boundary conditions corresponding to the weights
where we have dropped factors of √ 2 for notational simplicity. In the dual variables, h = 0 corresponds to fixed boundary conditions, while h = ±∞ corresponds to the two types of free boundary conditions, (X ± Y ) n . Thus, in this picture h plays the role of a "boundary The duality map that interchanges free and fixed boundary conditions. Note that for the Ising model, there are two fixed states and only one free state, whereas the opposite is true of the dual model.
freedom field" rather than a boundary magnetic field. In the limit h → 0 the boundary condition is fixed (all X's), while in the limits h → ±∞, the boundary conditions are a pair of free boundary conditions with different signs in the weights assigned to configurations with an odd number of Y 's on the boundary. These fixed and free boundary conditions in the dual model are of course precisely the Kramers-Wannier duals of the free and fixed boundary conditions of the spin representation. Correspondingly [11] , a spin operator in the original variables is transformed into a disorder operator in the dual variables. Our results in Sec. 6 for the boundary magnetization can thus be reinterpreted as a calculation of the expectation value of the boundary disorder operator. We see that as the boundary freedom field is increased, so the expectation value of the boundary disorder operator
tends to 1. At h = 0 the boundary condition is fixed and so, by symmetry, the boundary disorder must vanish.
The dualization of the calculation of the bulk magnetization goes along similar lines, and we conclude that the bulk disorder in the presence of a boundary freedom field is given by the expression
except when d = 0, when the bulk disorder also vanishes identically. There is a striking consequence of this result. In the Ising model in U, V variables, the coupling of a boundary magnetic field was seen to induce renormalization group flow from free to fixed boundary conditions. On the other hand, when a boundary freedom field is coupled in the dual formulation of the model, the renormalization group flow is from fixed to free boundary conditions. This change in the direction of the renormalization group flow is a natural consequence of the Kramers-Wannier duality of the system. The duality symmetry implies that the ground state degeneracies of the free and fixed states are swapped under the duality transformation, and so the reversal of RG flow is consistent with Affleck and Ludwig's gtheorem [12] . In general, one expects that the RG flow of the theory should be towards the conformal boundary condition with smaller degeneracy, so it is natural that the direction of the flow switches under the duality transformation. As we see, this result seems to hold in the theory equally well after coupling to quantum gravity.
The effects of gravity
On any fixed lattice, the introduction of an external magnetic field on the boundary leads to a direct effect on the Ising spins, as there are no other degrees of freedom with which to interact. It is therefore natural to expect that coupling to quantum gravity, which introduces the local geometry as an additional degree of freedom, will lead to quantitative changes in the response of the spins to the boundary field, and indeed this is what we have observed. The calculation of the boundary magnetization in Section 6 can be compared with the results that have been obtained in flat space by McCoy and Wu [7] . They find that the magnetization scales as h ln h for small h, and as a result, the magnetic susceptibility χ diverges at the critical temperature. On the other hand, we have seen in (64) that the magnetic susceptibility at the critical temperature is finite when the Ising model is defined on a random lattice. It seems likely that the exact numerical value (64) of the magnetic susceptibility χ depends on the discretization scheme we have used, and is not universal. However, we expect the fact that χ is a finite constant to be universal (independent of the specific discretization scheme chosen), although in the absence of calculations in alternative schemes, this remains a conjecture.
The effect of gravity is therefore to soften the initial impact of the boundary field. It is natural to interpret this softening as being due to the interaction between the spins and the geometry; the coupling between spins and the boundary field changes the relative weighting of different geometries, which changes in turn the effect of the neighboring spins on any one boundary site, leading to a more gradual increase in the boundary magnetization as a function of boundary field. A related aspect of our results is that the bulk magnetization is seen to decrease when a nonzero boundary magnetic field is increased (at least asymptotically, for large areas). At first this seems implausible, and indeed at a fixed point in flat space, the bulk magnetization cannot behave in this way. However, the sum over geometries provides a possible explanation for this unusual effect. The expectation value of a spin in the bulk naturally depends not only on the magnitude of the boundary field, but also on the average distance of the point from the boundary. Therefore, the decrease in the bulk magnetization can arise if the boundary field alters the relative weights of different geometries in such a way as to move a typical interior point further away from the boundary (as in Figure 5 ).
We have therefore verified that a number of features of the Ising model in flat space are maintained in the presence of quantum gravity, while also demonstrating that the dynamical geometry does have a measurable effect. It would be interesting to check more directly that the explanations we have given for these phenomena are correct, for example by numerical simulation methods such as those described recently in [24] .
